Using the formalism of Ford-Kac-Mazur we study nonequilibrium transport in fermionic systems connected to general particle and thermal reservoirs.
There is considerable current interest in the problem of transport through various nanoscale devices both from fundamental and from applied points of view. In this connection, Kubo's transport formulas have to a large extent been superseded by different formalisms in the spirit of Bardeen's tunneling model [1] . The Landauer formula [2] and the Keldysh technique [3] , C * algebraic formulas [4] and generalized scattering theory ideas [5] have been developed, allowing one to study systems in steady state arbitrarily far from the linear region where Kubo's formulas are applicable. While these new formalisms are being developed, there is considerable experimental activity involving resistive elements, such as quantum dots, STM tips and single walled nanotubes, often coming up with unexpected physics. As an example in the experiment of Ref( [6, 7] ), one finds oscillations of current as a function of the applied voltage for nanotubes as much as a thousand atoms long, these are of quantum origin and are apparently related to the physics of interference between electron waves traversing the leads and the samples several times, resembling Fabry Perot oscillations in optical systems. Such a behaviour is characteristic of ballistic transport between semi permeable barriers, and as such is unexpected from the most straightforward applications of say Landauer's formula.
To this menagerie of techniques, we add a new and promising member in this paper. We adapt the formalism developed by Ford, Kac, and Mazur [8] to model quantum mechanical particle and heat reservoirs, and study charge and heat transport in disordered noninteracting fermionic systems. This method, originally devised to study Brownian motion in coupled oscillators can be modified to treat Fermi systems as we show here. It is very direct to interpret and seems more straightforward to apply than other methods of treating open quantum systems such as the Caldeira-Leggett [9] , Keldysh [10] and scattering theory [5] . We obtain exact formal expressions for currents and local densities in the nonequilibrium steady state.
The analysis here closely follows the one in [11] for the case of classical oscillator chains.
The most popular alternative to Kubos formulas is the Landauer formula, proposed in 1957 [2] . Since then several derivations of the Landauer formula have been given [12, 13, 14, 15, 16, 17, 18] and this has led to a good understanding of the formula and espe-cially the important differences between the two-probe and four-probe measurements. A large number of experiments are interpreted on the basis of Landauer's formula successfully. The quantum of conductance e 2 /h has been understood as a contact resistance which arises due to the squeezing of the reservoir degrees of freedom into a single channel [19, 20] .
While a physically careful statement of the conditions for validity of the Landauer formula can be found in Ref( [21] ), we believe that a detailed mathematical theory of the role of reservoirs and the nature of the coupling between the wires and reservoirs does not exist. The role of the idealized reservoirs has been to serve as perfect sources and sinks of thermal electrons which travel into and out of the resistive system. This clearly will not be satisfied in all experimental conditions and it is necessary to have a better microscopic understanding of reservoirs and contacts. There has been some work [3, 4, 5, 20, 22] where a microscopic modeling of reservoirs has been done. But, to our knowledge, there has been no explicit demonstration of the conditions under which Landauer's formula becomes valid. We show that for a special type of reservoir, Landauer's results follow exactly while for general reservoirs they need to be modified.
The set-up: We wish to study conduction in a disordered fermionic system connected to heat and particle reservoirs through ideal one-dimensional leads [see Fig. 1 ]. For simplicity we begin by considering the case where the system and leads are both one-dimensional while the reservoirs are taken to be quite general. We consider both the reservoirs and the system to be noninteracting and describable by the tight binding model. We will use the following notation: the indices l, m will denote points on the system or leads, greek indices λ, ν or λ ′ , µ ′ will denote points on the left or right reservoirs respectively, finally p, q will be used to denote N l sites refer to the left and right leads respectively while the middle N s sites refer to the system. The Hamiltonian for the entire system is given by:
The first part of H 0 refers to the one dimensional system and leads, whileT andT ′ describe the left and right reservoirs. The contact between the reservoirs and leads is described by the interconnection part V . The interaction part V interaction can be added on systematically in a perturbative sense, and we return to its inclusion later in the paper. We will consider a system with onsite disorder and so choose the onsite energies v l , l = N l + 1...N l + N s , from some random distribution. At sites belonging to the leads [l = 1, 2, ...
which are assumed to be perfect conductors, we set v l = 0. At some time t < τ in the remote past, the two reservoirs are isolated and in equilibrium at chemical potentials µ and µ ′ and inverse temperatures β and β ′ respectively. At t = τ , we connect the reservoirs to the two leads and then let the system evolve through the Hamiltonian H of Eq. (1). After a long time it reaches a steady state and we study the properties of this nonequilibrium steady state.
The Heisenberg equations of motion for the operators belonging to the system and leads is given by (for t > τ ):ċ
We note that the equation of motion at the first and last sites involve reservoir operators.
Using the equations of motion of the reservoir variables we can replace these reservoir operators appearing in Eq. (2) by Langevin type terms modeling dissipation and noise. Thus let us consider the left reservoir, whose equations of motion are given by (for t > τ ):
This is a linear set of equations with an inhomogeneous part given by the term iγc 1 and has the following general solution:
where ψ n (λ) is the single particle eigenfunction of the left reservoir, with energy ǫ n , and n runs over all eigenstates. The kernel g + λα (t) is just the retarded lattice Green function of the isolated left reservoir. To solve Eq. (2) we need c α (t). We note that c α (t) has two parts, the first of which,
is like a noise term whose statistical properties are determined by the initial conditions of the reservoir. Initially the reservoirs are prepared to be in thermal equilibrium and the normal mode operators
whereρ is the reservoir density matrix at time τ and T r denotes a trace over the reservoir degrees of freedom. The second part of c α (t) has the
, and is dissipative in nature. We define the Fourier transforms
taking limits M → ∞ and τ → −∞ we get:
where ρ α is the reservoir density of states at site α. Similarly for the right reservoir we get
, where the noise statistics of h ′ (ω) is now determined by
Fourier transform it and plug in the forms of c α (ω) and c α ′ (ω). We then get the following particular solution:
where we have used H SL to denote the (system +leads) Hamiltonian. With this explicit formal solution and the known properties of the spectral functions h(ω), h ′ (ω), g + αα (ω) and g + α ′ α ′ (ω) we can now proceed to compute steady state averages of various physical quantities of interest. Specifically we shall be interested in the electrical and thermal currents and the local particle and energy densities. The operators corresponding to particle and energy densities are given by:
while the corresponding current operatorsĵ n andĵ u are defined through the conservation equations ∂n/∂t + ∂ĵ n /∂x = 0 and ∂û/∂t + ∂ĵ u /∂x = 0. We get:
We now calculate the steady state averages of these four quantities. To proceed we first introduce some notation and state some mathematical identities on matrices and determinants which we use in our calculations. We denote by Y l,m the determinant of the submatrix ofK beginning with the lth row and column and ending with the mth row and column.
Similarly D l,m denotes determinant of the submatrix formed fromΦ. The following results can be easily proved:
Particle and Heat Currents: Taking the expectation value of the particle and energy current operators and using Eqns. (5, 6) gives:
In the case of the heat current we have assumed, for simplicity, that l is on the leads so that v l = 0. Using the various identities stated earlier we can show, as expected, that these become independent of l and reduce to the following simpler expressions:
These can be expressed in terms of the retarded Green's function G + (t) = θ(t)e −iHt for the full Hamiltonian, H, given in Eqn. (1) . Its Fourier transform
for the case when the coupling between the reservoirs and the system is switched off. It can be shown that:
Similar expressions can be written relating the advanced Green function G − (ω) to g − (ω).
Let us denote the real part of the system's Green function by g lm , thus g lm = Re[g
it is easy to see that
Using these and the Jacobi identity
where Gn + is a modified Green function obtained from G + by replacing all system green functions by their real part. The particle current is then given by:
Similar results were obtained by Meir and Wingreen [22] using the Keldysh formalism and by Todorov et al [5] using time-independent scattering theory. Their results differ from ours in that they are expressed in terms of G + instead of Gn + . The case of insulating wires treated by Caroli et al [3] using the Keldysh formalism also follows from our results.
Particle and energy densities:The expectation value of the particle and energy density operators, evaluated at points on the leads, gives respectively:
These do not yield to much simplification. We can write the steady state currents and densities in terms of properties of the single-particle scattering wavefunctions of the full Hamiltonian H. We proceed as before but instead of evolving the initial unperturbed density matrices of the reservoirs we now evolve the unperturbed stationary wave functions of the left and right reservoirs to obtain right-moving and left-moving scattering states respectively.
Let ψ jL (ω) and ψ jR (ω) denote the jth unperturbed single particle wave functions with energy ω, of the left and right reservoirs respectively. Let a jL p and a jR p denote the amplitude at site p of the jth right and left moving states obtained by evolving the unperturbed levels with the full Hamiltonian. We get the following solutions: a
The various currents and densities are given by j n l = i(a * l+1 a l − a * l a l+1 ), n l = a * l a l etc. Using these, Eqns. (10,13) can be re-expressed as:
where J(ω), the total transmitted current for all waves with energy ω, is given by: where k = nπ/(M + 1) with n = 1, 2, ...M. The leads are connected at the end of the reservoir chains so that α = α ′ = 1. We then get the following reservoir spectral functions:
We have similar expressions for the right reservoir. Let us use the notation that if sites N l +l and N l + m belong to the system then we write
be shown that the transmission probability of a wave with momentum k across the system is given by Note that in this case the transmission factor does not involve properties of the reservoirs and contacts. Also transmission is only by propagating modes which can be labelled by a real wave vector k (In general, non-propagating modes would also carry current and we would have integrate over all frequencies). We then get the following forms for the particle and energy currents:
which are precisely of the Landauer form.
In order to get the four-probe result we need to find the actual potential and temperature differences across the system. We imagine doing this by putting potentiometers and thermometers at points on the leads [A and B in Fig. (1) ]. These measure the local particle and energy density on the leads from which one can compute the chemical potential and temperature. We note that we do not expect local thermal equilibration in this noninteracting system and so these are only effective potentials and temperatures.
We start with the expressions Eqn. (13) and after using the various determinantal identities we get ( for points l located on the left lead) an integrand which contains a factor
Assuming that N l is large and l is not too close to the point of contact with reservoirs this factor can be replaced by 1/2. We then get for the particle and energy densities:
We get similar expressions for densities at points on the right lead. The expressions in
Eqns. (19, 20) are identical to those obtained from semiclassical arguments, are true for ideal contacts, and lead to the usual four-probe formulas. The results of Eqns. (19, 20) have been obtained earlier by Tasaki [4] using the theory of C * −algebra. They can be easily extended to the case where the leads are still one-dimensional but the system is of more general form.
Thus let the system consist of N s points of which 1 and N s are connected to the two leads.
Let us specify the system by the matrixφ such thatφ ll = v l − ω andφ lm = −1 whenever two distinct points l and m are connected by a hopping element. Then all the above formulas
Eqns. (19, 20) for currents and densities hold provided we evaluate them within the leads and use the appropriate expression for the transmission coefficient, namely
where F denotes the determinant of the submatrix formed fromφ by deleting the 1st row and N s th column while d is, as before, but now constructed fromφ.
(II) In actual experiments, reservoirs and contacts are never ideal and this can lead to interesting effects. As an example we now show how the experimental results of Kong et al [7] can be understood qualitatively using our results by assuming imperfect contacts.
We consider again semi-infinite ideal reservoirs but make the contacts non-ideal by setting γ = γ ′ = 0.9. As system we take a wire with a single impurity at site s (Thus v s = 0). The linear response conductance is then given by G = in [7] . The overall decrease in conductance with increasing temperature is presumably due to scattering by phonons and hence is not seen here. We have also plotted in Interacting systems: For this case the present approach readily yields to a perturbative treatment. For illustration consider the case where the Hamiltonian of the system (and lead)
H SL contains an interacting part and is given by
while the reservoirs are still taken to be non-interacting. In this case, Eqns. 2 take the forṁ
and, being nonlinear, can no longer be solved exactly. However it is straightforward to obtain the following perturbative solution
The operators for particle density and particle current remain unchanged and we can obtain their expectation values as a perturbations series using the solution in Eq. (24). Another possibility would be to solve Eq. (23) using a self-consistent mean field theory.
Discussion: We note that the more popular approach of treating open quantum systems is the Caldeira-Leggett formulation. In that approach, one deals with density matrices and the treatment becomes complicated. In the context of the present problem one is not really interested in the full distribution but rather in physical observables like the steady state currents and densities and these are basically second moments of the distribution. The FKM formulation is then more appropriate and for linear systems one can get exact results. The other approach of treating nonequilibrium systems which has been used quite extensively in the mesoscopic context is the Keldysh formalism. This is a perturbative treatment where one writes equations of motion for a set of Green functions and relates them to self energies through the Dyson equations. The steady state current can be expressed in terms of these Green functions. In some special cases the Dyson equations can be solved exactly and indeed some of our results can be derived from this approach. On the other hand our method is more transparent and direct. We integrate out the reservoir degrees of freedom to get effective Langevin type equations of motion for the system. These are solved and quickly lead to useful results on currents and densities of both particle and heat which are automatically expressible in terms of unperturbed Green functions. The connection to single particle scattering theory is also immediate and explicit. Finally one obtains a nice physical picture of the reservoirs serving as effective sources of noise and dissipation. Our treatment can be extended to interacting systems and also the case where the leads have finite width. Note that our approach makes connections between different approaches such as Caldeira-Legett, Keldysh, time-independent scattering theory and the transfer-Hamiltonian method [1] .
In summary we have presented exact results on transport in one-dimensional wires using a scheme, due to Ford-Kac-Mazur, to model reservoirs. We have shown explicitly the condition under which Landauer's formula is valid. In other cases one needs to use modified Landauer formulas and this can be quite crucial in interpreting experimental data. For example we have shown that the oscillations in conductance seen in the experiments by Kong et al cannot be explained unless the contacts and reservoirs are treated quantum mechanically. We make the rather counterintuitive prediction that imperfect contacts can lead to enhancement in the conductance of a wire.
We 
